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Abstract—A theoretical technique to predict the thermal conductivity of heterogeneous mixtures, pre-

viously derived by the writers, has been applied to suspensions, emulsions and porous materials. Based on

the data available from the literature, the technique is shown to predict the values of thermal conductivity
within 18-2 per cent for suspensions, 9-5 per cent for emulsions and 9-9 per cent for porous materials.

NOMENCLATURE
B constant in the parabolic distribution ;
C, constant in the parabolic distribution;
d, diameter of pore [cm];
e, emissivity;
k,  thermal conductivity [Btu/h ft °F or
cal/s cm °C);
P, phase volume fraction;
P, cross-sectional pore fraction;
P, longitudinal pore fraction;
Q, ratio of kJ/k,;
R, thermal resistarice [h °F/Btu];
T, absolute temperature [°R or °K].
Greek letters
Y,  geometrical pore factor;
¢’, radiation constant [erg/cm? s °C*],
Subscripts
@ air;
¢, continuous phase;
d, discontinuous phase;
e, equivalent;
m, mean,;
s, solid.

INTRODUCTION

A THEORETICAL technique to predict the thermal
conductivity of heterogeneous solid mixtures
has been developed and reported by the writers
[1]. The technique considers the aggregate
as a single model as opposed to conventional
methods which consider the aggregate as a
repetitive array of unit cells. The key assump-
tion of the technique is that the discontinuous
phase can be rearranged in the continuous
phase, such that the former can be described
by a parabolic distribution function with ap-
propriate boundary conditions.

The technique was developed assuming con-
duction as the predominant mode of heat
transfer. The purpose of this paper is to show
the applicability of the technique to suspen-
sions, emulsions and porous materials. The
assumption that radiative and convective heat
transfer are negligible is maintained.

A number of studies [2-13] has been con-
ducted to develop techniques for predicting
the thermal conductivity of heterogeneous sys-
tems. Table 1 lists some of the equations
resulting from the above studies. These equa-
tions will be examined and used in conjunction
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Table 1. Equations for predicting conductivity of mixtures

A. Maxwell [2]—two-phase mixtures
_ kc[kd + 2kc - 2Pd (kc - kd)]

™ ky+ 2k, + Py(k, ~ k)

B. Jefferson {5]—two-phase mixtures

P PR ’ + i1 (05 + n)k k.
e 41 +2m?) 41 + 2n)*| OS5k, + nk, |

%,  k, 2
h k, = kk n—=—
where . “Lm—-h)“kc kd—kJ

and n = 0403P;* — 05.

C. Russell [10]—two-phase mixtures (porous materials)

kc
P3+k—(1—P3)
k, =k, 4

k. )
P}—Pd+k~(Pd+l—P§)
d

D. Loeb [11]—porous materials considering radiation

P
ky =k |(1 — P+ = .
" [( ) Pk j4c'eyd Ty + (1 — Pj)]

E. Francl and Kingery [12]—porous materials

km = ks(l - Pd)
F. Eucken [13]—porous materials
1 -
Y
k =k 20+ 1
m 'S 1 —_ Q 3
1-P, ,
20 +1
h ==,
where .

G. The Writers’ equations [1] can be expressed as
Ak, > k,

R = 2 m_lf\/g Clky — ko) ]+1——B
¢ J{Clky — k) [k, + Bk, — k)1} 2V- (k. + Bky — ko) ko’

where B = /(3P,2), C = —4/[2/(3P))]
and R, = 1/k,,.
B. k; > k..

B
i \/[kc + Bky — k)] + E\/[C(kc — k)] [ -

= In +
J{Ck, — kg) [k, + By — kJ1}

B .
Jik, + By — k)] — 5“/ [Clk, — ka))
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B

»

(6)
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(8

©
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Table 1. Continued

1
where R, = P If k; > k., then equation (11) takes a very simple form, i.e.

as shown in [1].

12)

with data from the literature. Hamilton [6]
has classified mixtures as follows :

ClassI: k. > k; or kjk;> 100
ClassII: k; > k., or kyk, > 100
Class III: 1 < k /k; < 100
Class IV: 1 < ky/k. < 100

and these classifications will be used in this
paper.

Suspensions, emulsions and porous materials
are discussed as follows.

SUSPENSIONS

A suspension refers to solid particles sus-
pended in a liquid. The density of the dis-
continuous phase must be comparable to that
of the continuous phase for a suspension to
exist. A number of techniques have been
proposed to predict the thermal conductivity
of suspensions. Maxwell [2], Rayleigh [3],
Bruggeman [4], Jefferson [5], Hamilton [6],
Tsao (7], Baxley [8] and Russell [10] con-
stitute some of the major contributors. Table 2
presents some existing experimentally deter-
mined values of conductivity for various sus-
pensions and predicted values of thermal
conductivity as determined from the techniques
developed by Maxwell [2], Baxley [8], Russell
[10] and equations (11) and (12) of Ref [1].
All the predicted values by Maxwell, Baxley
and Russell in Table 2 are taken directly from
Table 15 of Ref. [8]. The average percentage
of deviation of predicted values from the
measured values of thermal conductivity is

shown in Table 5 (A). None of these methods
predict a consistently satisfactory result. In
general, as the ratio of k,/k, increases, the per-
centage of deviation from the measured value
of thermal conductivity increases. The ratio
of ky/k, in Class IV mixtures is less than that
of Class II mixtures. Therefore, the existing
equations including the writer’s equations pre-
dict the thermal conductivity of Class IV
mixtures better than the Class II mixtures.

Many suspensions are Class II mixtures,
ie. k; > k. Hence equation (12) which is an
approximation of equation (11) takes a very
simple form for Class II mixtures and can be
used to predict the thermal conductivity as
satisfactorily as any of the other techniques.
As can be seen equation (12) predicts almost
the same values as equation (11). Equation (12)
is not a function of k; as can be seen. Thus the
thermal conductivity of the discontinuous phases
is insignificant in comparison to the conduc-
tivity of the mixture in Class II mixtures.
Equations (11) and (12) give acceptable results,
and equation (12) is simpler in form than any
of the other techniques.

EMULSIONS

An emulsion refers to liquid droplets dis-
tributed throughout an immiscible liquid. The
characteristics of emulsions [9] are;

1. The density of the continuous phase and
discontinuous phase should be comparable.
2. The discontinuous phase droplets are
spherical.

3. The continuous phase is viscous enough
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Table 2. Comparison of the predicted thermal conductivities with experimental data of suspensions

. Maxwell
Classification System of mixtures ’ " Referonce o S
. d eX]
of mixtures Solid Liquid i of k, ~ Fercemtage
o crperiment O deviation
. 0161 0685 0-5089 — 2560
Graphite  Walet o 0247 0978 06404  —3450
4 e 0321 1237 0-7789 —37:00
0194 0241 Jeff[esrfm 01505 ~3760
Gravhite Silicone 0251 0282 01751 ~3790
i oil 0310 0344 02050 —40-40
4= k, = 00875 0375 0453 02443 — 4610
0423 0546 0-2790 ~2890
0055 0440 04457 129
Class 11 Aluminum Water 0115 0-560 0-5365 - 598
mixtures k, = 118 k. =038 0175 0810 0-6190 ~ 2360
0210 1000 0-6794 ~32:10
0055 0430 J°E‘1‘f]°“ 04460 37
o115 0540 0-5273 ~236
Copper Water 0-175 0660 0-6203 —601
k= 221 k. =038 0210 0740 06811 - 796
0245 0830 07474 —~9:95
0295 1050 08536 —~1870
I Lard 0108  O115 0-1550 001
PR kca’_ o11a 0194 0218 01954 ~10:40
= = 0322 0339 0-2743 ~1910
Zinc Lard 0238 0143 L 01512 575
sulphate o o 0315 011 [fg 01766 ~136
k, = 0354 <= 0555 0203 02155 616
X . 8.
Class IV Marble Vaseline 0250 0153 01916 "5_20
; R o ey 0430 0262 02865 935
mixtures ky = e = 0600 0432 0-4285 ~080
0100 0104 01057 145
Selenium PPG 0200 0123 g 01360 753
oy K —oog 0300 0182 6] 01741 451
4= = 0400 0244 02233 —857
0500 0281 0-2893 307
Average 163
percentage of
deviation

* Units of k: Btu/h fi°F.
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Baxley Russell Equation (11) Equation (12)
k Percentage Percentage Percéntage Percentage
" of deviation " of deviation b of deviation i of deviation
0-4646 -32:20 0-7029 262 0-6250 —875 0-638 —6:86
0-6186 -36-70 0-8595 —-12-10 0-8070 ~17-50 0-829 —-1524
0-8762 —29-20 1-0144 —18-00 1-:0370 — 1620 1-065 —1390
0-1333 ~44-50 0-2070 -14:10 0-1890 -2750 0-190 -21-20
01722 —3890 0-2360 —1630 0-2240 —20-50 0226 —19-88
0-2416 —~29-80 0-2696 —21-60 02730 —-20-70 0276 —19-80
0-3792 —1630 0-3123 —31-10 0-3450 ~2370 0-350 -2275
07743 41-80 0-3492 —36-00 04260 -21-90 0433 —-20-70
0-4179 —501 0-6051 3750 0-5260 19-55 0-530 21-00
0-4641 —17110 0-7304 3040 0-6390 14-10 0650 16-10
05646 -30-30 08513 510 07630 - 580 0779 -3-83
0-6029 -3970 0-9246 —7-54 0-8450 ~ 1550 0-863 —1370
0-4166 -311 0-6088 41-60 0-5290 23-00 0-533 23-80
0-4738 -12-30 07347 3610 0-6440 19-30 0-650 20-40
0-5392 — 1830 0-8564 29-80 0-7700 16:70 0779 18-:00
0-6697 —9-50 0-9303 2570 0-8530 1530 0-864 16-76
07363 —-11-29 10-079 21-40 0-9480 1420 0-962 15-90
1-0025 —4-53 1-1280 7-43 1-1150 620 1134 8:00
01394 1010 02151 38-80 0-1880 21-30 0191 2290
0-1786 —18-10 02674 2270 0-2430 11-46 0-248 13-76
0-3180 ~620 03574 543 0-3620 678 0374 1032
0-1407 —1-64 01577 10-30 01530 7-00
0-1578 —11-90 0-1829 221 0-1780 ~0-56
0-1789 —11-90 0-2203 8-51 0-2190 774
0-1689 10-40 0-2325 5190 02130 3920
02473 -563 0-3303 26:10 0-3340 2760
03557 -17-70 0-4683 839 0-6020 39-50
0-0964 —7-50 01376 32:00 01213 1640
01202 —-501 0-1776 3950 0-1580 2490
0-1585 —13-10 0-2192 20-20 0-2069 13-50
02162 —11-50 0-2709 1090 0-2805 1490
0-2958 539 0-3378 20-30 0-4067 4500
17-4 216 18-2
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to avoid settling and coalescence, thus pre-
venting convection.

4. The thermal conductivities of continuous
phase and discontinuous phase of emulsions
are of the same order of magnitude.

5. The volume fraction of the discontinuous
phase, P, should be low to prevent coalesence.

The above characteristics are compatible
with the assumptions made by Maxwell and
Jefferson in deriving equations (4) and (5) to
predict the thermal conductivities of two-phase
mixtures. One would thus expect these two
equations to predict satisfactory results for
emulsions. In fact, they do predict satisfactory
results as shown in the following paragraph.

A number of other equations have also been
proposed to predict the thermal conductivity
of emulsions. Rayleigh [3], Bruggeman [4],
Hamilton [6], Tsao [7] and Russell [10] have
deveioped some of these relations. Table 3
presents some experimental data of Nahas
and Couper [9] for various emulsions. Pre-
dicted values of conductivity by Maxwell {2],

Table 5. Summary of the average percentage of deviation of
predicted values from the measured values of thermal conduc-
tivity

Average percentage of deviation from
the measured values of thermal
conductivity

Predicted values of
thermal conductivity

A. Suspensions as given in Table 2

Maxwell 163
Baxley 174
Equation (11) 182
Russell 21-6

B. Emulsions as given in Table 3

Equation (11) 9-5
Russell 96
Mazxwell 10-0
Jefferson 111

C. Porous materials as given in Table 4

Russell 82
Eucken 9-8
Equation (10) 99
Loeb 10-8

S. C. CHENG and R. I. VACHON

Jefferson [5], Russell [10] and equation (11)
are compared with the experimental data. All
the predicted values of Maxwell, Jefferson and
Russell in Table 3 are taken from the Tables 1,
2 and 12 and Figs. 14 and 15 of Ref [9]. The
average percentage of deviation of predicted
values from the measured values of thermal
conductivity is shown in Table 5 (B). Equation
(11) is seen to give satisfactory results.

POROUS MATERIALS

The mechanism of heat transfer in porous
materials in general is very complicated and
involves conduction as well as convection and
radiation. Convection and radiation which
occur in the pore spaces can be neglected for
small pore size and low or intermediate tem-
perature. One of the important aspects of the
thermal conductivity in porous materials as
indicated by Barrett [16] is the effect of the
orientation of the pores on the direction of heat
flow. The porous materials studied in this
investigation primarily belong to the *‘air-cell”
type of mixture rather than “‘granular-solid”
type of mixture. Contact resistance can be
neglected for the “air-cell” type of porous
materials. A number of equations have been
proposed to predict the thermal conductivity
of porous materials. Equations by Russeli
[101, Loeb [11], Francl and Kingery [12] and
Eucken [13] are the most used. Table 4 presents
the experimental data for porous materials by
Francl and Kingery {12], Sugawara and Yoshi-
zawa [17], and Austin [18] and the predicted
values by Russell [10], Loeb [11], Eucken [13]
and equation (10). All the predicted values by
Russell, Loeb and Eucken of the first two
mixtures in Table 4 are taken from the Figs.
5, 6, 11 and 12 of Ref. [12]. The average per-
centage of deviation of predicted values from
the measured values of the thermal conduc-
tivity is shown in Table 5 (C). The Russell
and Loeb techniques predict values within a
range of 2-3 per cent of measured values for the
first two mixtures in Table 4, These samples
contain known distributions of the pores rather
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than a random distribution of the pores. The
technique of [1] is for a random distribution
as approximated by the assumed parabolic
distribution. Francl and Kingery [12] point
out that Russell’s equation, equation (6), is
not applicable to anisometric pores but Loeb’s
equation, equation (7), is applicable to both
isometric and anisometric pores. Also, for low
temperature Loeb’s equation can be reduced
to equation (8) simply by neglecting the radia-
tion effect in the pores. Again, one sees that the
proposed technique gives acceptable results.

SUMMARY

Equations (10)12) have been compared with
existing equations for predicting the thermal
conductivity of two-phase mixtures. These equa-
tions are seen to give acceptable results for
suspensions, emulsions and porous materials.

Table 6. Summary of the average percentage of deviation of

the predicted thermal conductivities by equations (10) and

(11) with some of the existing methods for various systems
of two-phase-mixtures

Average percentage of Average percentage of

Type of A . deviation predicted by
mixtures ;ieuv::it::l):; Flrg)d:::zlbll){ the best method inves-
q tigated in this study
Solid-solid 64{1] 7-5 by Maxwell,
mixtures equation (4)
Suspensions 182 163 by Maxwell,
equation (4)
Emulsions 9-5 10-0 by Maxwell,
equation (4)
Porous 9-9 82 by Russell,
materials equation (6)

Table 6 gives a summary of thé results. Equa-
tions (10) and (11) give better results for solid-
solid mixtures and emulsions.

Two conclusions can be drawn :

1. The assumed parabolic distribution of the
discontinuous phase for a random distribu-
tion of the discontinuous phase in the
continuous phase is acceptable.

2. The technique of [1] provides a simple
means of calculating thermal conductivity
for emulsions, suspensions and porous
materials (“air-cell” type) when the portions
and properties of the constituents are known.
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investigation on the thermal conductivity of consoli-

TECHNIQUE DE PREVISION DE LA CONDUCTIVITE THERMIQUE DES
SUSPENSIONS, DES EMULSIONS ET DES MATERIAUX POREUX

Résumé—Une technique théorique pour prédire la conductivité thermigue de mélanges hétérogenes,

obtenue précédemment par les auteurs, a été appliquée aux suspensions, aux émulsions et aux matériaux

poreux. On montre que 1a technique basée sur les résultats disponibles dans la littérature, prédit les valeurs

de la conductivité thermique a 18,2 pour cent prés pour les suspensions, 9,5 pour cent pour les émulsions
et 9.9 pour cent les matériaux poreux.

EIN VERFAHREN ZUR VORAUSBESTIMMUNG DER THERMISCHEN LEITFAHIGKEIT
VON SUSPENSIONEN, EMULSIONEN UND POROSEN MATERIALIEN.

Zusammenfassupg—Ein theoretisches Verfahren zur Vorausbestimmung der thermischen Leitfahigkeit
von heterogenen Gemischen, das von den Autoren schon frither entwickelt worden ist, wurde auf Suspen-
sionen, Emulsionen und porésen Materialien angewendet. Durch Vergleich mit Angaben aus der Literatur
wird gezeigt, dass die Methode die Werte der thermischen Leitfihigkeit mit einer Genauigkeit von 18
Prozent fiir Suspensionen, 9,5 Prozent fiir Emulsionen und 9,9 Prozent fiir porGse Materialien wiedergibt.

TEXHUKA NNPEACKA3AHUA TEIUVIONEPELAYN 5MYJAbCUOHHLIMU
CYCHEH3MAMHI U TOPUCTHLIMA MATEPUAJAMU

AnnotTaiusa—TeopervyecKue MeTOIbl PucueTa TENJIONPOBOTHOCTH TeTEPOTEHHBIX CMeceil,

paHee pPaspaGOTAHHBIE ABTOPAMH, NPHMEHEHBI K CYCTEH3HAM, OMYILCHAM 1 TOPHCTHM

marepuanam. Ha OCHOBAHWMH JaHHBIX, HMEIOIUXCA B JUTEPATYPE, NMOKA3AHO, YTO ¢ TOMOLBIO

TAKON METOAMKM MOKHO PACCUNTATbL TEIUIOHPOBORHOCTh TAKUX CYCHEH3UHK ¢ TOUHOCTBIO 0
18.29, smyabcuit 1o 9.5% i MOPUCTHIX MaTePUaJIoB K0 9.9 9.



